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Comments on “Energy-Efficient Beamforming
Design for MU-MISO Mixed RF/VLC
Heterogeneous Wireless Networks™

Thanh V. Pham Member, IEEE, and Anh T. Pham Senior Member, IEEE

Abstract—We show that the use of Schur complement lemma to
derive equivalent convex constraints to those non-convex in (54)
and (55) of the above paper is not valid. In this comment, an
alternative approach is presented to convexify those constraints.

Index Terms—Visible light communication, beamforming
design, convex optimization, energy efficiency.

I. INTRODUCTION

In [1], the authors studied coordinated beamforming designs
for mixed RF/VLC heterogeneous networks from the perspect-
ive of energy efficiency. In particular for the case imperfect
channel state information (CSI), a robust beamforming was
formulated to take into account the channel estimation errors.
The nature of this robust design essentially gave rise to infin-
itely many non-convex constraints, which render the optimal
solution infeasible. To handle this, the S-procedure [2] and
Schur complement lemma [2], [3] were used. Unfortunately,
the use of Schur complement lemma as presented by the
authors is not valid since a condition for the lemma being
applicable does not hold. As a result, the derived convex
constraints are not equivalent to the original non-convex ones.
In this comment, we propose an alternative approach, which
uses semidefinite relaxation (SDR) technique [4], to convexify
the non-convex constraints.

II. THE SCHUR COMPLEMENT LEMMA

Using the S-procedure, the infinitely many constraints [1,
(54)] and [1, (55)] are reformulated into a finite number of
positive-semidefinite constraints as

[AkIN + WkW]Z Wkwgflk ] “ 0
flgwk,wg — Ak (62)2 + ﬁ{wkwgflk —pr| ’
(D
Pk,kIN, + vipvi vivil g } -0
AR A VR ) A e Y
(2)

The above constraints are not convex due to quadratic forms
in each matrix. The authors then made use of the Schur
complement lemma to obtain the claimed equivalent convex
constraints. The lemma cited from [3, Lemma 18] states that:
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Schur complement lemma [3]: Suppose A, B, C, D are
respectively n X n, n X p, p X n and p X p matrices, and A is
invertible. Let

3)

[t 3

C D

so that M is a (n+p) X (n+p) matrix. The Schur complement
of the block D of the matrix M is the n X n matrix

A -BD'C. 4)

Let D be positive definite. Then M is positive semi-definite
if and only if the Schur complement of D in M is positive
semidefinite.

The lemma can also be equivalently stated as in the authors’
paper: The Schur complement of the block A of the matrix
M is the p X p matrix

D - CA'B. )]

Let A be positive definite. Then M is positive semi-definite
if and only if the Schur complement of A in M is positive
semidefinite.

Applying the above stated lemma to (1) with A = 1,

R T —Wg
B - [wkT, (Bfwi) } C = [_ﬁ ] and D =

Arely 0 . .

m 2|, we obtain the constraint [1, (59)]
{ 0 —pr— (e }

(similarly for constraints [1, (60)] and [1, (61)]). However, the
above mentioned Schur complement lemma as the authors cited
from [3] is not in its correct form. In fact, the correct statement
of the lemma requires that C is the transpose of B [2, pp. 650].
Obviously, this is not always the case for constraints [1, (59)]
and [1, (60)]. Hence, [1, (54)] and [1, (55)] are, in general, not
equivalent to [1, (59)] and [1, (60)] as claimed by the authors.
More importantly, the use of [1, (54)] and [1, (55)] would
result in an infeasibility of the original problem [1, Problem
(62)]. Indeed, it is obvious to see that the only possible values
of wy, and vy, satisfying [1, (54)] and [1, (55)] respectively are
wyi, = 0 and vj, = 0. The resulting RY*“{w} and R{F{v;}
are thus O as well. Hence, the constraint [1, (13b)] can not
be satisfied unless I'y, = 0, which however makes the energy
efficiency be 0.

T
k Wk

III. ALTERNATIVE APPROACH

In this section, we present an alternative approach using
SDR technique. SDR works by introducing W), = wywy
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and V = vkv,f, Vk. Accordingly, (1), (2), and [1, (56)] are

equivalent to
_)\k.IN + W, W, hy,
o = 0,
i hk Wk _)\k (6 ) + h thk — Pk
Wy =0, rank (Wy) =1, 6)
(M kIn, + Vi , V& } -0
gl Vi Ak (1) + 81 Vigr — zin] —
Vi = 0,rank (V) =1, @)
[ArgIne =V ,Vigk } <0
L &0V () - & Vigk + ey
V; =0, rank(V;)=1. ¥

In [1], two algorithms were proposed to solve the robust
beamforming design, namely: Robust Dinkelbach Algorithm
Combined with Successive Convex Approximation (SCA) and
Robust Low-Complexity SCA Algorithm. For brevity, we de-
scribe the use of SDR for the former in the following. The
use of SDR for the latter follows the same manner.

Similar to [1, Problem (62)], however with the use of (6),
(7), and (8), the algorithm involves solving the following
surrogate problem

maximize
Vg, LC R
PksZk,ksZk,j Ok, Bk
>\k207Ak,k20:>\k,j20

Qs =

k=1

K K
n (PVLC + Brr + &1 ZTT (Wg)+ & Z Tr (Vk)> . (9a)

k=1 k=1

Pr ) , Yk, (9b)

2k

s.t. TVLC log2 <

ek (@k — Oék)

rie < logs (1e™) + a2 W oo
e P < 2k, VK, (9d)
P (B = B +1) = ey + 02, Yk, (%)
i#k
K T
_.e, Wre, .
Z:]C_l#k S (mln{prwpn - pmax})Q ’ an (9f)
K
> Tr (Vi) < Prrmas g
k=1
h/Wh; =0, Vi#k, (9h)
e+ e > T, VE, (9i)
eIy + Wy 2Vkalk — 0.Vk
hfWk *)\k (62) + h{thk — Pk - ’
(&)
AkeIn, + Vi Vigi }
B R . = 0,VEk,
givy, — Ak k (€i)2 + &8I Vigr — 2k
(9k)
[(ArIn, —V; —V,g } :
N A . =0, Vj#k,
—&lIV; = () — 8 Vig +
n
W, =0, Vk, (9m)
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V. =0, Vk, (9n)
rank (Wy) = 1, Vk, (90)
rank (Vi) =1, Vk. p)

It should be noted that the original constraint [1, (13d)] can
not be equivalently represented in terms of Wj. Instead,

due to M Z b1 el'Wye,,, we replace it by
a more strlngent constralnt (9f). As a result, problem (9)
generally gives a lower bound solution to the original problem
[1, Problem(43)]. It is seen that except (90) and (9p), all
constraints (9b)-(9n) are convex. Thus, we omit (90), (9p) and
solve the following convex optimization problem

maximize ( E VLC )
PYLC R
Wi,V Tk k=1
PkrZk k> Zk J,Otkﬁk
Ae>0, Ak £ 50, Ak 5 >0

Qe =

K K

7 <PVLC + e+ &1 ZTY (W) + & ZTT (Vk)) , (10)
=1 =1

s.t. (9b) — (9n).

The remaining issue now is to verify whether the solution to
(10) is also optimal for (9). Indeed, the following theorem
proves the equivalence of the two problems.

Theorem 1: If problem (10) is feasible then its optimal
solutions W and V; always satisfy that rank (W) = 1 and
rank (V}) = 1.

For brevity, we omit the proof of this theorem in this
comment. Interested readers may find it in [5]. In addition, one
can realize that an upper bound solution to [1, Problem(43)]
can be given by replacing [1, (13d)] by a looser constraint

K T K T
as y . e, Wie, < (Zk:l |enwk|
replacement, however, does not change the conclusion of
Theorem 1.

) . This constraint

IV. CONCLUSION

In this comment, we showed that the use of Schur com-
plement lemma to derive equivalent convex constraints to [1,
(54)] and [1, (55)] is not valid. While the two proposed
algorithms (i.e. [1, Algorithm 4 and Algorithm 5]) is still
applicable in the sense that their convergence properties are
unchanged, without the mentioned equivalence, the numerical
results related to the robust beamforming design (i.e. Figs. 7,
8, 9, and 10) may not be valid [5].
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13 Abstract—In this note, we present a proof of Theorem 1 We first proof that the optimal W, satisfies rank (W*) =
14 and numerical exal{lples to demonstrate the feasibility of our 1 The Karush-Kuhn-Tucker (KKT) equations relevant to the
15 proposed approach in [1]. optimal W are given by
16 ’
4* Y 17T * T 1 T
18 1. PROOF OF THEOREM 1 [1] X + XU H] =GIv+ ) ghenel + Y wihihf,
n=1 i=1,i#k
;g Let us recall [1, Problem (10)] written as follows 2)
« (TI 0 . .
21 K K 1 kAN N Txxrk
X +HIWIH, ) =0, Vk,
22 Qua) = maximize (Z T+ ZTEF) - ' <[ 0% () - PZ] B k)
23 Wi, Vieri ™o, k=1 k=1 3)
Pk>Zk k12K, j Ok Bk .
24 Ak>0,Ak, % >0,A5,5>0 Xi W; =0, Vk, 4)
25 K K
26 n (PVLC + Prr+ &1 ZTr (Wg) + & ZTr (Vk)> ,  (la) where {p}}, {w:}, X}, X} are the optimal solutions to
27 k=1 k=1 the their respective dual variables (i.e. {en} >0, {wi} >0,
1 4 . . .
28 & 1 205 X, = 0, Xi = O) associated with constraints (1f), (1h),
29 Strvie S 2 log, <1 + W602k>’ vk, (1b) (1j), and (1m). At the optimal solution, let Ah} be the
_ Gk (q, — error vector that (flT + Ah*,T> Wi (fl + Ah*) = pf =
30 e < log, (1+e™) + e (ay — ar) gk), , (1c) . k k . FATH k Pk
31 In2 (1 + e) min (hg +ARgT) vy, <h0 +Ah;) and let Ay =
32 et < 4 e Yk, (1d) lAR|2<(er)?
33 2 * * * 1
34 e (Br = Be +1) ZZkJ +02 , VE, (le) )\kIAA}+ Yvk 2 WA"';lk o . | The fact that
35 ik hj, Wi | =i (k)" + Dy Wiy — p.
K T k= 0 imp ies
_1¢e, Wie, .
;? Zk_l# S (mln{pnvpn - pmam})Q ) vna (1f) Ah*
[Ah;T 1] A, k
38 K * 1
Tr (Vi) < PrEmazs (1g) - ;
4313 ,; (Vi) < Par, = ((BF -+ AnT) Wi (e + ART) - p7)
g . _
41 hIWh; =0, Vi#k, b 4 (||Ah 12— (e )2) =\l (I\Ah}illz - (eﬁ)2> > 0.
42 e+ rhe > T, VE, (1i) 5)
43 r :
Axl w W;h
44 k A];],—i_ 4§ 2 ka A = 0,Vk, Since HAhZH2 < (62)2 and A} > 0, we conclude
h; Wy Ak (68)” + h{ Wihy — py, 2 2
45 - (1j) that A} (HAhZH — (e} = 0. As a result, we get
46 «T - A
s Derln, + Vi Vi } o [Ah;" 1] Ay = 0. This implies that
48 L &V Nk ()" + &I Vi —2n] ~ (l’k) rank (Aj) = rank ([\Iy + Wi Wih]), (6
49 -
50 NIy —V; Vg because [)\ZIN + Wi W*khk] is a linear combination of
51 DY 02 A } = 0, Vj# Fithe row vectors of [\:Iy + Wi Wihyg]. Similarly, since
L & Vi ey ()7 — 8 V 8kt 2k Ab? T kooTk
52 an A, k| =0, W;hy, can also be linearly expressed by the
>3 W, =0, Vk 1 !
54 k= ) (Im) " ¢olumn véctors of [ArIn + W], Together with (6), we get
55 Vi =0, Vk, (1n)
rank (A) = rank ([A};IN + W,’:]) . @)
56
57 If A} = 0 then
58
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No. i 3 3 3 5
0.2014 0.0997 0.3815 0.0730 0.3610

_, |0.4076 _, |0.0566 _, |0.2504 _, |0.1800 _, |o.1531

VLC channel 1075 1 5 2050 107 16 1263 107 10 1255 107" 10,3303 1077 10,1303
0.1214 0.3160 0.1627 0.1068 0.2839

RF channel

[ 0.3301 + 0.02564 |
—0.0339 + 0.41301
—0.0976 + 0.7635¢
—0.1088 + 0.2335¢
—0.1516 — 0.1049:

| 0.0115 + 0.3126i |

0.1959 + 0.00627 ]|
—0.6253 — 1.5146¢
—0.4740 — 0.2285:
—0.3706 + 0.6212:
—0.2539 — 0.53341

| —0.1603 + 0.4669i

[ 0.0912 — 0.36713 ]
—0.7825 — 0.0154¢
—0.0423 + 0.1162¢

0.8020 + 0.21321
0.0492 — 0.18641

| 0.0207 — 0.1182i |

[ 1.1147 + 0.21144
0.1688 — 0.83514
0.5000 + 0.23581

—0.8321 — 0.60641
—0.2950 + 0.0331%

[ —0.1390 + 0.3262i

[—0.3452 + 0.51021
—0.3258 + 0.4309¢
0.5961 + 0.00064%
—0.8059 — 0.03541
—0.0122 — 1.2431¢

| —0.9744 + 0.2906

Results
Authors’ method [2] Infeasible Infeasible Infeasible Infeasible Infeasible
0.05 0.05 0.05 0.05 0.05
0.05 0.05 0.05 0.05 0.05
Wk 0.05 0.05 0.05 0.05 0.05
0.05 0.05 0.05 0.05 0.05
0.2747 ~0.0769 0.0846 —0.2261 0.0463
0.0040 0.0831 —0.2239 —0.1357 0.0467
Our method —0.0215 0.1628 —0.0307 —0.0849 —0.1323
Vk —0.0718 0.2141 0.1981 0.1163 0.1809
—0.1334 0.0426 0.0438 0.0702 0.0765
| 0.0337 | | 0.1141 | | 0.0247 | | 0.0695 | | 0.1990 |
Y 42903 3.6479 4.2807 3.8710 4.2810
R 17.0818 19.2098 20.1566 20.8746 209117
n 2.7743x107 2.8655x107 3.1047x107 3.0937x107 3.1863x107
Table I: Numerical Results.
which implies W7} (hk + Ah;) = 0, or, in other the proof. The beamformers w; and vj are then obtained by
words <ﬁT + Ah*T) * (1:1 + Ah*) _ 0 As a Wi = v wwqw and Vi = v quv? where qQu and qq are the
k k b \ 7k k) ' eigenvectors of W} and V7}, which associate with the non-
Wi Wih Ah? i
result [Ah*T 1} Wi . J 12k k _  zero eigenvalues 1), and ,,.
’ g h/W; hiWih, —pi| | 1

(BF + an;” ) Wi (ﬁk + Ah;;) — p = —pf. This means
p;. = 0, which obviously violates the constraint in (1b) as a
positive VLC channel rate is assumed. Therefore, A} > 0,
which results in rank (Ag) = N.

From (3), according to the rank-nullity theorem

rank (X}*) < Nullity (Ay) = (N + 1) — rank (Ay) = 1.

€)

From (2), since {¢%} >0, {w?} >0, and & > 0 we have

rank (Xi* + }AIkX,lg*PAIZ)

N K
=rank [ &Iy + Z orepel + Z wih;h?
n=1 i=1,i#k
= N. (10)

Also, rank (Xi* + ﬁkXi*ﬁ{) < rank (X3Y) +
rank (I/-\IkX}C*I/-\Ig) < rank (X‘é*) + 1.  Thus,
rank (X}*) > N — 1. Moreover, we can see from (4)
that rank (W) < Nullity (X}*) = N — rank (X}*) < 1. If
rank (W7) = 0 then W; = 0, hence p; = 0, which does not
satisfy the constraint in (1b). Therefore rank (W7}) = 1.

Following the same arguments, one can prove that the
optimal V7 always satisfies rank (V}) = 1. This completes

II. NUMERICAL EXAMPLES

In this section, numerical results are presented to demon-
strate the feasibility of our proposed approach. All parameters
are the same as in [2]. As the authors did not mention the
noise power of the RF link, we choose the typical value
02 =--- =02 _ =107, which corresponds to the noise
spectral density Ny = 107!4. For brevity, simulations are
performed for the Robust Dinkelbach Algorithm Combined
with SCA (i.e. [2, Algorithm 4]) with 1 user (K = 1) and 5
different random realizations of VLC and RF channels given
in Table I. Initial points &y = Bk = —1.5, threshold I'y, = 2,
maximum iteration number L,,,, = 50, and error tolerance
€4 = 1073 are chosen. Numerical results are obtained using
CVX [3] with SDPT3 solver version 4.0 and given in Table
I. As expected, the authors’ approach results in an infeasible
design problem for all examined channel realizations while our
approach gives explicit results of the beamformers wy, and vy.
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